Using suitable magnetic flux operators established in terms of discrete derivatives leads to quantum-mechanical descriptions of LC-circuits with an external time dependent periodic voltage. This leads to second order discrete Schrodinger equations provided by discretization conditions of the electric charge. Neglecting the capacitance leads to a simplified description of the L-ring circuit threaded by a related time dependent magnetic flux. The equivalence with electrons moving on one dimensional (1D) lattices under the influence of time dependent electric fields can then be readily established. This opens the way to derive dynamic localization conditions serving to applications in several areas, like the time dependent electron transport in quantum wires or the generation of higher harmonics by 1D conductors. Such conditions, which can be viewed as an exact generalization of the ones derived before by Dunlap and Kenkre [Phys. Rev. B 34, 3625(1986)], proceed in terms of zero values of time averages of related persistent currents over one period.
I. INTRODUCTION
Quantum circuits with charge discreteness have been the focus considerable interest during the last decade [1] [2] [3] [4] [5] . It has been realized that quantum circuits are able to provide useful developments in the field of nanodevices, transmission lines as well as of molecular electronic circuits [6] [7] [8] . The chargediscreteness referred to above gets incorporated in the eigenvalue equation
Q|n >= nq e |n >
where n is an integer and where Q denotes the Hermitian operator of the electric charge. The elementary charge is denoted by q e . The common choice is to put q e = e, where e is the charge of the electron. The charge eigenfunctions are orthonormalized , in which case the time dependent wavefunction describing the quantum circuit can be expressed as
where nǫ (−∞, ∞) We have also to keep in mind that usual derivatives have to be replaced by discrete ones when dealing with n -dependent functions. Proceeding in this manner leads to a discrete Schrodinger equation, as shown before [1] [2] [3] . On the other hand, the influence of the capacitance can be disregarded, which results in a discrete Schrödinger-equation concerning the L-ring circuit. The interesting point is that this latter equation is equivalent, under suitable matching conditions, to the one describing the 1D conductor, i.e. to the electron on the 1D lattice under the influence of a time dependent electric field. This opens the way to a general derivation of dynamic localization conditions (DLC's) for periodic modulations of the voltage.
II. PRELIMINARIES AND NOTATIONS
One starts from the classical description of Kirchhoff's law for the LC-circuit with a voltage source in terms of Hamilton's equations. This amounts to consider a classical Hamiltonian like H (Φ/c, Q), where Φ denotes the magnetic flux. Accordingly Q, and Φ/c play the role of the coordinate and momentum, respectively. The next step is to perform the quantization of canonically conjugated variables. For this purpose, the usual canonical commutation relations could be applied [9, 10] . However, we have to account for the discreteness of the electric charge, which means that the appropriate quantum mechanical description of the magnetic flux should proceed in terms of discrete derivatives [2, 3] . Under such conditions one gets faced with a deformation of the Heisenberg algebra emphasized usually. This results in the Hamiltonian
where V s (t) denotes the external time dependent voltage. Now the magnetic flux is described by the non-Hermitian operator
so that Φ + = −i( c/q e )∆ , where the "+" superscript stands for the Hermitian conjugation. The right and lefthand discrete derivatives displayed above act as ∆f (n) = f (n+1)−f (n) and ∇f (n) = f (n)−f (n−1), respectively. The present quantization condition is then given by the deformed relationship
which differs from the usual canonical commutation relation by virtue of the deformation rule 1 → 1 + (iq e Φ) / ( c), such as displayed by the r.h.s. in (5) . Resorting to (2), then yields the discrete time dependent Schrödinger-equation (6) in which the 2 c 2 / Lq 2 e -term in (6) can be ruled out by virtue of the gauge transformation
where
III. THE DUALITY BETWEEN THE L-RING CIRCUIT AND THE ELECTRON ON THE 1D LATTICE
Neglecting the capacitance and applying the C −→ ∞ -limit, the presence of the harmonic oscillator term in (6) is ruled out. This results in an explicit discrete Schrödinger equation for the L-ring circuit only. On the other hand the electron on the 1D lattice under the influence of an external time dependent electric field like E e (t) = ( E F f (t))/(ea), where a denotes the lattice spacing, is characterized by the evolution equation [11] 
Keeping in mind that C −→ ∞, one sees that (6) reproduces precisely (8) in terms of the matching conditions
and V = − 2 /(2Lq 2 e ) . One remarks, of course, that (9) incorporates Faraday's law. Accordingly, there is a duality between the L-ring circuit and the electron on the 1D-lattice, which is useful for the study of dynamic localization effects [11] .
IV. DYNAMIC LOCALIZATION EFFECTS
Let us consider a sinusoidal modulation of the magnetic flux like Φ e (t) = Φ 0 sin(wt) (10) This yields a time dependent electric field modulated by the characteristic function f (t) = cos(wt) (11) so that the field amplitude is given by
Now we have to remember that there is a periodic return of the electron to the initially occupied site if the quotient E F /w is a root of the Bessel function of order zero and of the first kind [11] :
Accordingly, the mean square displacement (MSD)
Remains bounded in time, which is synonymous to the onset of the dynamic localization. We then have to realize that this latter effect should also concern the carriers of the discretized charge in the L-ring circuit. Indeed, (13) can be rewritten equivalently as
whereas the corresponding MSD has been established [3] in terms of velocity autocorrelation functions [12] . Dynamic localization conditions like (13) and/or (15) are of interest to the study of time dependent electron transport through quantum wires [13, 14] , of the generation of higher harmonics by 1D conductors [15] as well as of other areas [16] . The dynamic localization has been observed in the linear optical absorption spectra of quantum dot superlattices [17] . Negative conductances observed in photon assisted tunneling effects can also be invoked [18] .
V. PERSISTENT CURRENTS
In order to proceed further, let us remember that the persistent current carried by a flux dependent energy level E = E(k, Φ e ) at is [19] 
where the presence of the wavenumber k accounts for the existence of energy bands. We shall also assume that f (t) in (9) is periodic in time with period T . On the other hand, the energy dispersion law characterizing (8) reads
such as produced by inserting the free-field amplitude
into the E F = 0 form of (8) . What then remains is to account for the external time dependent electric field
in terms of the minimal substitution
in which
and
Accordingly, (17) becomes
which yields the persistent current
by virtue of (16) . Similar results have been written down before [3] by resorting to the -wavenumber representation of (6).
VI. DYNAMIC LOCALIZATION CONDITIONS FOR ARBITRARY TIME PERIODIC MODULATIONS
Performing the time average over one period of (24) yields the averaged current
which deserves further attention. Indeed, accounting for (11) , one finds that the DLC (13) gets reproduced whenever
irrespective of k . For this purpose we have to resort to the generating function of Bessel functions of the first kind [20] 
It is also clear that integrating (9) yields
so that gets specified in terms of and conversely. The dc-ac electric field E(t) = E 0 + E 1 cos (wt) for which
can also be readily discussed. Now one has E F = (E 1 ea) / , while denotes the Bloch frequency. Inserting (29) into (26) yields the DLC
if w B = nw , where n is a positive integer, such as established before within the quasi-energy description [21, 22] . This latter equation can be viewed as an exact n = 0 counterpart of (13) . Rational realizations of the matching ratio (w B /w) require, however, a special treatment [21, 22] . Other cases can be treated in a similar manner.
VII. CONCLUSIONS
In this paper the quantum L-ring circuit threaded by a time dependent magnetic flux has been discussed with a special emphasis on the equivalence with the electron on the 1D lattice under the influence of a periodic time dependent electric field. Proceeding in this manner leads to (26), which has the meaning of an exact generalization of (13) . Such results are useful for applications in several areas already referred to above. Generalizations going beyond the nearest neighbor description deserve further attention, too [23] .
